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Equation (2) is not valid when 3 = 0, i.e., for the rectilinear
cases. Substituting (5), however, into (1) and (2),

xg — gt =1 (6)
xi + bgg = foxr + ’Cg ™
b = go* = v’ — 7o’ c=2b— p/ro v = |fo|
Tp = 7p go =0 (8)
Substitution of
p=T a0 =T be-w O

into (6) and (7) with ao = ro, a1 = 7o, bp = 0, and b, = 1 gives,
fors > 1,
7t + Dagr = e + cby —
i-1
> (G + Di(@ipai; + bbjpabiy)  (10)
i=0
i—1
ro(t + Dbipy = 2 (7 + D(ajpabiey — biniaiy) (11)
i=0
Taking advantage of symmetry in the summations, (10) and
(11) become, fori > 2,

_ (alai + Cbz) _ L
ToGhiy1 = ———(’L 1 Jgo Gip1li—yj —
k
b Y bipbis; — qlars® + bbays?)  (12)
i=0
k
@+ Dby = 2, [G—§) — G+ DIX
=0
bipa0iy — @ybiy)  (13)
k = integral part of 3(z — 2)
g = fractional part of $(z — 2)
bg = 0

Having «(f) and ¢(¢), f can be computed from (4) and r(¢) from
(3). Inversion of (6) and (7) yields

az = —u/2r?

r% = (fox + cg)x — bryg (14)
g = row + (o + cglg (15)
where
2 = g2 4 bg?

Then f(¢) and #(¢) are obtained from
= @& — tog)/re
For purposes of numerical control it may be advisable to let

t—t():hT' h=t1—to

T = fio 4 gko

where [fo, t1] is a time interval of interest. The corresponding
interval for 7 is [0, 1]. Equations (12) and (13) still hold
provided ay = 7o, by = by = 0, a1 = foh, by = h, az = — uh?/2r?,
¢ = (b — u/ro)h. Equations (9) become

© < .
T = Z a;7? g = Z bi'r"
1=0 1=0

which offer a further advantage when ¢ = 4, i.e.,, when 7 = 1.
Formulas for the radii of convergence of the f and ¢ series
are given by Moulton.?
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Vehicle Mass-Exhaust Velocity
Variations in Free Space

Louts G. Varco*
Western New M exico University, Stlver City, N. Mex.

Nomenclature

P = unexpected mass exclusive of payload (initial total

vehicle mass = 1) wll
l = payload mass =]
e(t) = onboard expellant mass (initial expellant mass = ¢)
& = optimum initial expellant mass
a, 8, v = thrust, expellant, and power coefficients, respectively
c(t) = effective exhaust velocity
T = total propulsion time

v required mission velocity

N a previous paper! the writer and two associates presented

a generalized analysis of space vehicle performance in
which the unexpended mass of the vehicle exclusive of the
payload includes three mass fractions: a fraction propor-
tional to the initial mass of expellant and fractions propor-
tional to the average thrust and power output of the propul-
sion system. “Thrust-limited” and ‘“power-limited” classes
of vehicles were thus combined in a single representation.
The analytical method used was a straightforward applica-
tion of the Euler condition in seeking a payload maximum
subject to the mission velocity requirement. It was shown
that the payload expression,

=1—p—eo=1—j;T[(1+5)é+%éc+

le'chdt= l—fj[l—l—ﬁ—i—%c(e) —I—%,cz(e):l de
1

is extremized when mass-exhaust velocity variations follow

cle) a (1 — e) _a _
W T T wtal—ato [1 Yo b eo)] @

for any e and is further maximized when the vehicle is de-
signed for an initial expellant mass satisfying the transcen-
dental equation,

t_ 20+ fTe?

> 3)
Yo

b - 2t - an)
Yo
The purpose of the present Note is to publicize the results

of the original paper in a wider forum and to investigate the
last two equations more closely. Equation (2) is of the form

(60/1))60 —_ k1€ + k2C + kg ={ (4)

and, since the discriminant (eo/v)? of this conic is always posi-
tive, e and ¢ vary optimally along an hyperbola. Now e
monotonically decreases (at least piecewise) with time. Thus
¢ must either decrease or increase piecewise monotonically
since the asymptotes of Eq. (4) are parallel with the coordi-
nate axes. These asymptotes are the lines ¢ = —a/,
e = — (1 — &) below and to the left of the axes. Therefore,
we have shown that an optimal exhaust velocity program in-
creases during the powered phases of the mission, regardless
of the initial expellant loading, and depends numerically only
on the nondimensional vehicle-mission parameter a/yv = D
and the initial expellant fraction. The normalized exhaust
velocity ¢/v has a relative variation of

&l — D In(1 — e)]
(1 - 60) [1 — D ln(l - 60)] - eoD
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For the case of negligible thrust dependency « = 0 or for very
ambitious missions » > o«/7v, this relative variation ap-
proaches ¢/(1 — e), the ratio of expellant to nonexpellant
mass. For negligible power dependency v =~ 0 or very modest
missions » < «/%, no such simple limit exists.

It may be shown further that designs at optimum expellant
loading have a final normalized exhaust velocity value which
is a function of only the other nondimensional parameter (1
4+ B)T/yv* = E. Solving Eq. (3) for in(1 + &) and substi-
tuting into Eq. (2) yields

c _ QE)Y2(1 — &) — De 3)

v (1 - 50) + (4
Attt =0,¢e = &and ¢c(0)/v = QE)2(1 — &) — Dé. At
t="T,e=0andc(T)/v = (2E)Y2 The last equation can be
regarded as a fundamental design relationship for space
propulsion systems. On rewriting it becomes Yemax® =
2(1 4+ B)T and in this form allows hardware preliminary de-
sign alternatives to be compared easily with respect to their
ultimate system utility.
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Friction and Heat Transfer in the
Flow Induced by a Subsonic Heat Source

Joun H. SKINNER JR.*
Rensselaer Polytechnic Institute, Troy, N. Y.

Introduction

HIS Note presents the second part of a study??® of the
effects of friction and heat transfer on the flowfield in-
_ duced by a disturbance traveling at a constant velocity
through an infinite tube.

In order to study the flow induced by a disturbance travel-
ing subsonically at a constant velocity, the following model is
considered. One half of an infinite tube is filled with a com-
bustible mixture, and the other half is filled with an inert gas.
The gas is initially in uniform state and at rest everywhere
with the tube. A constant-velocity subsonic heat source is
produced using a steady burning fuse, or by firing a series of
spark plugs in succession along the tube walls. On ignition, a
forward-facing shock starts traveling through the mixture
while a rearward-facing shock starts propagating through the
inert gas (Fig. 1). An interface between burned and inert
gas also travels through the duct. The following assump-
tions are made:

1) The heat source is a one-dimensional discontinuity
across which the flow is quasi-steady.

2) The time rate of heat release of the heat source is con-
stant. Because of the forward-facing shock, the gas ahead of
the heat source is in motion. Dissipative effects will alter
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Fig. 1 Situation after ignition.

this motion, and the mass rate of flow and heat release per
unit mass across the heat source will be time-dependent.
The product of these two parameters is, however, invariant
with respect to time, by virtue of the present assumption.

3) The flow is one-dimensional, fully developed, and turbu-
lent in the entire flowfield between the forward- and rear-
ward-facing shocks.

4) The gases are ideal, and the ratio of specific heats is
constant.

This model is analyzed by the method of characteristics for
one-dimensional nonsteady flow* with inclusion of friction
and heat-transfer effects.

The characteristic equations are integrated numerically for
the specific case of a heat source traveling at a nondimensional
velocity of Up = 0.5 and with a nondimensional time rate of
heat release of J = 3.19, and for the following conditions
(same notation as in Ref. 3): C; = 0.01,7r = 2in., v = 1.4,
and Lo = 5.280 ft.

Discussion of Results

If the flow is assumed inviscid and adiabatic, the resulting
flowfield is uniform in the region between the forward-facing
shock and the heat source and then again in the region be-
tween the heat source and the interface. Therefore, in these
regions, the flow is steady in a frame of reference moving with
the heat source. It isinteresting to compare this phenomenon
with its counterpart in the supersonic case, where, because of
an expansion wave behind the detonation, the inviscid adia-
batic flowfield is nonsteady in the detonation-fixed coordinate
system.

Figure 2 shows the velocity distribution in the wake region,
in a coordinate system moving with the heat source, for flow
with friction and heat transfer. In this figure, 7 is nondi-
mensionalized time, whereas £ is the nondimensional distance
from the heat source.

Since for very short initial time intervals the integrated ef-
fects of friction and heat transfer are small, the initial flow-
field is substantially that predicted by inviscid adiabatic
analysis. Figure 2 shows that, as time progresses, friction
and heat transfer cause a timewise variation of the flowfield,
and the flow becomes nonsteady. This is the direct opposite
of the supersonic case, where the initially nonsteady flowfield
was modified to one that was steady in the frame of reference
moving with the detonation.

Since the detonation travels at supersonic velocity relative
to the wake region, signals traveling at sonic speed can never
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Fig.2 Velocity distribution in the wake region in a coordi-
nate system fixed to the heat source.



